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Abstract. The main result of the paper is a computation of the Ricci cur- 
vature of Diff(S 1 )/S 1 . Unlike earlier results on the subject, we do not use the 
Kahler structure symmetries to compute the Ricci curvature, but rather rely 
on classical finite-dimensional results of Nomizu et al on Riemannian geometry 
of homogeneous spaces. 
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1. Introduction 

Let Diff(S 1 ) be the group of orientation- preserving diffeomorphisms of the unit 
circle. This group is known as the Virasoro group in string theory. Then the 
quotient space Diff(S 1 )/S 1 describes those diffeomorphisms that fix a point on the 
circle. The geometry of this infinite-dimensional space has been of interest to physi- 
cists for a long time in connection with string theory and string field theory (e.g. 
[7j, 0, [13). A. A. Kirillov and D. V. Yur'ev [TU] showed that the homogeneous 
space T)iS(S 1 )/ S 1 admits a left-invariant complex structure and can be canonically 
identified with M, a certain space of univalent functions on the unit disk in C. 

Our motivation comes from stochastic analysis on infinite-dimensional manifolds. 
In a series of papers written by H. Airault, V. Bogachev, P. Malliavin, A. Thalmeier 
(0E1E1E]), the authors explored several possible approaches to the problem. For 
example, is a first step in an attempt to construct a Brownian motion on 3°°, 
the space of smooth Jordan curves of the complex plane which can be described as 
the double quotient SU(1, l)\Diff (S 1 )/SU(1, 1). The connection between 3°° and 
Diff(S 1 ) is given by the conformal welding. It is well-known that the behavior of 
a Brownian motion on a curved space (finite- or infinite-dimensional) is related to 
the geometry of this space. In particular, the lower bound of the Ricci curvature 
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controls the growth of the Brownian motion, so it seems that a better understanding 
of geometry of T)iS(S 1 ) / S 1 might help in studying a Brownian motion on this 
homogeneous space. 

The approach taken in [H] 1171 ITU] is to describe the space Diff (S 1 )/S 1 as 
an infinite dimensional complex manifold with a Kahler metric, find the Riemann 
tensor corresponding to the Kahler structure, and finally compute the Ricci ten- 
sor. These computations use symmetries of the curvature tensor coming from the 
Kahler structure which are assumed to carry over from finite dimensions to infinite 
dimensions. 

The aim of present article is to compute the Riemannian curvature tensor and 
the Ricci tensor for this space without using the Kahler structure. Rather we follow 
the path taken by the first author in [UJ. There the Riemannian curvature tensor 
and the Ricci tensor were computed for a class of infinite-dimensional groups by 
using finite-dimensional computations of the Riemannian curvature tensor by J. 
Milnor in ^21 as definitions. 

We will use the classical finite-dimensional results of K.Nomizu in for ho- 
mogeneous spaces as our definitions of basic geometric notions in this infinite- 
dimensional setting. The Virasoro algebra has a natural almost complex structure 
which has a zero torsion. This is why we can treat this structure as complex. Then 
using finite-dimensional methods we can find a covariant derivative compatible with 
the complex structure. For this covariant derivative we compute the corresponding 
Riemannian curvature tensor and the Ricci curvature. The main result of the paper 
is Theorem [4.1 II 

Finally we would like to mention that the main motivation for our work is a better 
understanding of a Brownian motion in Diff (S )/S . There were numerous works 
exploring the connections between stochastic analysis and Riemannian geometry 
in infinite dimensions, mostly in loop groups and their extensions such as current 
groups, path spaces and complex Wiener spaces (e.g. [B], ^H], |lf>|)- 

Acknowledgement. The authors would like to thank Bielefeld University, SFB 
701 and the ZIF for invitations to Bielefeld in the summers of 2004 and 2005, 
during which most of the work on this paper was completed. Professor Michael 
Rdckner first suggested the topic, and provided encouragement, help and fruitful 
comments along the way. We are also grateful to Laurence Maillard-Teyssier for 
useful discussions concerning Riemannian geometry. The first author thanks the 
Humboldt Foundation for financial support of her stay in Germany in summer of 
2005. 

2. Virasoro algebra 
In this exposition we follow 3 . 

Notation 2.1. LetDiff(S 1 ) be the group of orientation preserving C°° -diff eomorphisms 
of the unit circle, and diff (S 1 ) its Lie algebra. The elements o/diff(S 1 ) will be iden- 
tified with the left-invariant vector fields f(t)-^, with the Lie bracket given by 

[f,9]=fg-hJ,9 ediff(s 1 ). 

The Lie algebra diff (S 1 ) has a natural basis 
(2.1) fk = cos kt,g m — sin mt, k = 0, 1, 2..., m = 1, 2.... 
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The Lie bracket in this basis satisfies the following identities 

1 / 771 — 7L \ 

(2.2) [f m , /„] = - (m - n)g m +n + {m + n)- \9\m-n\ , m ^ n, 

I \ \m — n\ J 

1 / 771 — 77 \ 

[g m , 9n] = r (n - m)g m+n + (m + n)- \9\m-n\ > m ^ n, 

2 \ \m — n\ J 

[fm,9n] = ^ (i n ~ m )fm+n + {m + n)/| m _„|) . 

Definition 2.2. Suppose c, h are positive constants. Then the Virasoro algebra 
V Cy h is the vector space K © diff(S 1 ) with the Lie bracket given by 

(2-3) [an + f,bn + g] Vch = u Cih (f, g)n + [/, g], 

where k is the central element, and lu is the bilinear symmetric form 

^(/, 9 )=^ r ((2/ l -^)/ W -^/(3) W ) 9W |. 
Remark 2.3. If h = Q, c = 6, then w^/, is the fundamental cocycle u> (see 0) 



47T 



Remark 2.4. A simple verification shows that w c ^ satisfies the Jacobi identity, 
and therefore V c ^ is indeed a Lie algebra. 

Notation 2.5. By diffo (S 1 ) we denote the space of functions having mean 0. This 
can be viewed as diff(S 1 )/S 1 , where S 1 is identified with constant vector fields cor- 
responding to rotations of S 1 . 

Then any element of / G diffo (S 1 ) can be written 

oo 

/(*) = ^2 (aufk + b k gk) ■ 

k=l 

There is a natural endomorphism J of diffo (S 1 ) such that J 2 = —I, namely, 

oo 

(2.4) J(f)(t) = J2( b kh-ak9k). 

k=l 

Notation 2.6. For any fceZ 

9 k = 2/ifc+^(fc 3 -fc). 

Note that Q-k = —Ok, for any fc S Z. Let &o = 0, then 



a). 



dt 
'2tt 



,h(f,Jf) = j o ((2h-^)f'(t) ^/ (3) W) (Jf)(th 

/ I X! ^(^/fc ~ ak 9k) ] I fcm/m - a m g m J - = -^Ai(4 + &fe). 

"' \fc=0 / \m=l / n fe=0 
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Thus Uc.h induces a nondcgcncrate positive definite bilinear form on diffo(S 1 ) if 
h > 0. 

3. RlEMANNIAN GEOMETRY OF Diff (S 1 ) / S 1 : DEFINITIONS AND PRELIMINARIES 

We use the finite-dimensional results of as our definitions. 

Hypothesis 3.1. Let g be an infinite- dimensional Lie algebra equipped with an 
inner product (•,•). We assume that g is complete. Suppose that there are two 
subspaces. m and f), of g such that g = m t) as vector spaces. We assume that t) 
is a Lie subalgebra of g, and that [f),m] C m. Note that m is not assumed to be a 
Lie subalgebra of g. 

In our setting g = diff(S 1 ), m = diff (S 1 ), f) = f R. Note that Hypothesis IO is 
satisfied since for any n G N 

[Jo, fn] = ~ng n G m, [50, 9n] = nfn € tn. 
Let G = Diff(S 1 ) with the associated Lie algebra diff (S 1 ) , the subgroup H = S 1 
with the Lie algebra f) C g, then m is a Lie algebra naturally associated with the 
quotient Diff(S 1 )/S 1 . For any g S g we denote by g m (respectively g^) its m- 
(respectively f)-)component, that is, g — g m + gt), g m G ni, g\ } G t). By Hypothesis 
13.11 for any h E f) the adjoint representation ad(h) = [h, ■] : Q — ► g maps m into m. 
We will abuse notation by using ad(h) for the corresponding endomorphism of m. 
Define 

B (f, g) = uj c ,h{f,Jg) = u Ct h(g,Jf). 
Proposition 3.2. (/, g) = B(f,g) is an inner product on diffo(S 1 ). 
Proof. Follows from properties of uj c .h- In particular, for any / £ diffo(S 1 ) 

00 

B{f 1 f)^-Y,O k (a k {ff + b k {ff). 
L k=i 

□ 

Notation 3.3. The affine connection is defined by 

ot{x,y) = -[x,y] m + U(x,y), 

where U is defined by 

B(U(x, y), z) = ~ (B([x, z] m , y) + B(x, [y, z] m )) 

for any x,y, z € m. The relation between the covariant derivative V : m — * End(m) 
and a is given by 

S7 x y = a{x,y) = ^[x,y] m + U(x,y). 

Lemma 3.4. Let A m , n = ( 2 ™+ m ^ em j or an y n ^ m E'L. Then 

m — n 

Am,n — "n.rn ^ 
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Proof. 



_ (2n + m)8 m - (2m + n)8 n _ 
2hm(2n + m) + ^(m 3 - ra)(2n + m) - 2hn(2m + n) + j^(n 3 - n)(2m + n) 
2h(m — n)(n + m) + ^(m — n)((n + m) 3 — (n + m)) m — n 



Proposition 3.5. 



U(fm,fn) = 7 :[(X n,m H~ ^m,n)9n-\-rn H~ {^n,—m — m,n)<?n- 



(\ \ n + m 



,n> m, 



U{fm,fn) = ^[{\ 



, . n + m 

(An,m + ^m,n)9n+m + ~ 9m— n 



, m > n, 



U(fmifjn) 2 [(^ — m.n ^n, — m)fn— rn (^n,m + ^m,n)/n+m] 



n + m 



fn — m {^n.m + ^m.n)fn+m 



, n > m, 



n + m 



fm — n {^n.m + ^m,n) fn+m 



,m > n, 
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U{gm,gn) — 2 [(-^n,— m ^— m,n)9n— m (-^n,m ~t~ ^m,n)9n+r> 



n + m 



,n > m, 



UyQni) 9n) — ^ [\^n,—m ^—m,n)9m—n {^n.rn ~l~ ^m,n)9n+m] 



n + m 



9m— n (-^n,m ^m/n )£/ro+m 



, m > n, 



U(g n :9n) — —^n,n9lr, 



Proof. First, 



Uc,h(fm, fn) 



2tt 



t dt -n 

x9mjn 2^ 



^c,h(.fmi 9n 



^>c,hi,9rn, fn) 



2 % * 
"mymyn n 

27r 

2tt 



J m u m,n j 



Z7T Z 



Uc,h(g m , g n ) 



2tt 



f d * -n 

ijm9n 
Z7T 



and therefore 



B(f m ,fn) — -^dmSm,n, B(f m , g n ) — 0, B(g m , /„) — 0, B(g m , g n ) — -0 m 5 m>n . 



By the commutation relations l|2.2ll 



B(U(f mi f n ), f k ) — -{B([f m ,f k ] m ,f n )+B(f m ,[f n ,f k ] m )) 

B((m - k)g m +k + (m + fc) 7— — |rff|m-k|>/n) + #(/ro> (« " + (n+ fe) , 



|m — fc| 
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B(U(f m ,f n ),g k ) = ^(B([f m ,g k ] m ,fn) + B(f m ,[f„,g k ] m )) = 
= J [ B (( k - m ).fm+k + {m + fc)/| m _ fe |,/„) + B(f m , (k - n)f n+k + (n + fc)/|n-k|)] 



[(fc - m)B(f m+k ,f n ) + (to + k)B(f\ m _ k \, f n ) + (k - n)B(f m , f n+k ) + (n + k)B(f m , f\ n - k \j\ = 

[(k - m)6 n 5 m+k , n + (to + k)0 n 5\ m _ k \ tn + (k - n)6 m 5 m . n+k + (n + k)6 m 8\ n _ k \ tm ] = 

- 2m)6 n 5 k , n - m + (2m + n)6 n 5 ktm+n + (2m - n)6 n 5 ktTn - n + 
(m - 2n)0 m d k , m - n + (2n + m)d m 5 k , n+m + (2n - m)0 TO £> fei „_ m ] 



I 



[((n-2m)^„+(2n-m)^ m )5fc ;n _ m +((2m+n)^„+(2n+m)^ m )5fe,m+n+((2m-n)^ n +(m-2n)^ TO )5fe iTO _„ 
with the assumption that all the indices are positive. Thus 



U(f m ,fn) = 



U(frm fn) — ^ 



1 



(n - 2m)6 n + (2n - ra)0 m (2m + rc)0„ + (2n + m)6» m 

7) 9n—m H~ 7 Qn-\-m 



'n-\-m 



, n > m, 



(2m + n)0 n + (2n + m)8 m (2m — n)0 n + (m — 2n)9 m 

+ - ^ — 



'n+m 



, m > n, 



U\Jn,Jn) — 7TT 52n 



B(U(f m ,g n ),fk) = ^ (-B([/m,/fc]m,flVi) + B(/m, [ffn, /fc]m)) = 

- ^.B((m - % m +fe + (to + fc) | m _ fc | fl|Tn-fe|,gn) - B(f m , (n - k)f k+n + (k + ri)f\ k - n \) 

x ttt ' k 

- yjn - k)B(g m+k ,g n ) + (m + k) _ ^ B(g\ m _ k \ , g n ) - (n - k)B(f m , f k+n ) - (k + n)B(f m , f\ k - n \) 

^ / TTT k 

- y(m - k)6 n 5 ktn - m + (to + k) ^ _ ^ 0n8 n ,\m- k \ - (n - k)6 m 5 ktTn - n - (k + n)6 m 5 mt \ k _ n \ 

i (((2m - n)0„ - (2n - m)6 m )8 k ,n- m + (~(2n - m)0 m + (2m - n)9 n )8 k , m - n 

+(-(2m + n)0„ - (m + 2n)0 ro )£ fe , m+n ) . 



B(U(f m ,g n ),gk) = ^ (-B([/ m ,3fc] m ,3„) + B(f m , [g„,g k ] m )) = 



If k — n \ 

- [B((k - m)f m+k + (m + k)f\ m _ k \,g n ) - B(f m , (n - k)g k+n + (k + n) ^ _ g\ k - n \)j = 0. 
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U(f m ,g n ) = - 



U(f m ,g„) = - 



(2m — n)6 n — (2n — in) 



-f 

J n- 



(2m + n)6 n + (m + 2n)0 m ) 



n+m 



,n> m, 



'n+m 



(2m + n)9 n + (m + 2n)9 m ) (2m - n)6 n - (2n - m)6 m 

7 Jn+m \ 7 Jm—n ,TTl ^> n, 



'n+m 



9„ 

U(f n ,9n) 



3n6 n 

~2(hn 



fin- 



B(U(g m ,g n ),fk) = ^ (-B([5m, /fe]m, ffn) + B(g m , [g n , fk]m)) = 

(-B((m - k)f k+m + (k + m)f\ k - m \,g n ) - B(g m , (n - k)f k+n + (k + n)/| fe _ n |)) = 

(-(m - k)B(f k+m ,g n ) - (k + m)B(f\ k _ m \,g n ) - (n- k)B(g rn , fk+n) - (k + n)B(g m , f\ k - n \)) = 0. 



B(U(g mi g n ),g k ) = ^ {B{\g m , g k ] m , g n ) + B(g m , [g n ,gk}m)) = 
\ (^B{(k - m)g m+k + (m + k) ™ - ^ g\ m - k \, 9n) + B(g rn , (k - n)g n+k + (n + k) ^ - ^ g\ n - k \ 

- [{k - m)B(g m+k ,g n ) + (m + fc) _ ^ B(g\ m _ k \, g n ) + (k - n)B(g m ,g n+k ) + {n + k) B(g m , g\ n _ k \) 

^ / Tfl k Tt k 

- y(k — m)6 n 6 k ,n-m + (m + fc) ^ — ^ n S n ,\m-k\ + (k — n)8 m 5 k , m - n + (n + k)-^- 

i (((n - 2m)0„ + (2n - m)6 m )5 k , n - m + ((2m - n)0 n + (m - 2n)6 m )5 k , m -n 

-((2m + n)0„ + (2n + m)6 m )5 k 

Thus 



U(g m ,g n ) 



U{g m ,g n ) = ^ 



(n — 2m)6 n + (2n — m)8„ 



(2m + n)6>„ + (2n + m)0„ 



~gn+m 



'n+m 



(2m + ra)0„ + (2n + m)0 m (2m - n)0„ + (m - 2n)fl m 

Qn+m \ 7i Qm — n 



9 



n+m 



,11 > m, 

,m> n, 



U(g n ,gn) = --^7. 52ri 



26*. 



2n 



□ 
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Proposition 3.6. 



^ g n fm 
^ g n fm 
^ g n fm, 



„,., n> m 
n + m 



^f m fn — ^m,ngn+ 
^ fm fn — ^m,n9n+m ~T~ ~ t 

Vfnfn = ^n,n9lni 

^ f m 9n = — A m ,„/ n+m , n > m 

v/ n <7n = — ^nmfln 



_„, rt < to 



_ . f to + re 

"m,njn+m t Jm — n? ^ ^ 



V / m 5n + /m]m 
_A f m + re 

^n^Jnlm 2 Jn—r 

^7i,mfn-\-m,7 <C TO 
Vfn9n = —^n,njlni 

Am.n^M+m; H ^ ^ 

re + to 



n > m 



2 



9m— n ^jn,n9n-\-7m ^ ^ ^ 



Proof. Here we use the commutation relations (12.2(1 . Proposition 13.51 and Lemma 
If n > to, 



i ((to - n)g m+n - (m + n)#„_ TO ) + - 
i [((m - n) + 2(A n , m + A m ,„))] .g„ +m = j 



, . re + to 

\^n,m T" ^m,n)9n+m 2" 



71 — 771 

((to - re) + 2(^— + 2A ro ,„)) 



9n+n 
Am,ni?n+m7 



If TO > 



^fmfn — 2 t^ 771 ' f n ^ m ^{fm: fn) 

i ((to - n)g m+n + (m + n)g m ^ n ) + ^ 



, , n + m 

\^n,m ^m,n)9n+m + ^ 9m— n 



71 + TO 



9m — n ^m : n9n-{-mi 



Vfnfn — U(f n ,fn) — ^n,n92n', 



10 



M. GORDINA AND P. LESCOT 



If n > 



^ 'f m 9n = ^[fm,9n]m + U(f m ,g n ) = 

i ((n - m)f m+n + (to + n)/„_ m ) + ^ 



n + to 



fn—m (^n,m ~i~ ^m.n)fn+m 



^m,nf n+m-> 



If m > n, 

V/ m .g„ = -[/ m ,5n]m + U(f m ,g n ) = 
i ((n - m)f m+n + (m + n)f m - n ) + ^ 



n + to 



fm—n (^n,m "i" ^m.n) fn+m 



m + n 

"m.nj n+m T ^ Jm—m 



^ f n 9n ~ -^[fn,9n]m + U(f n ,g n ) — — \ n ,nf2n] 



If n > TO, 



1, 



^9„/m — 2 If"' /m]m + U(g n , fm) — 
- t((«- m )fm+n + (TO + n)f n - m ) + ^ 

1 , . n + m 

- -(n - m)f m+n — /„_ 

1, n + TO 

- -(n - m)f m+n - — /„_ 



n + m 



fn — m {^n.m ~t~ ^m,n) fn+m 



+ 2A r , 



n+m 



-./; 



n+m 



n + m _n-m 

2~ Jn — m 2" Jm+n \n,njn+m 



V/ m ff« + [flVi,/m]- 



If to > n, 



^ gnfm — „ [<?n? /m]m "I" U(g n , fm) 



1 1 

- ((n - m)f m+n + (to + n)/ m _„) + - 



n + to 



fm—n {^n.m ~t~ ^m,n 



n+m 



n — TO 



fm+n ^m,nfn+m — ^ f m 9n ~t~ [*7ni /m] 7 



^ f n 9n — ^[/"'Snlm + U(f n ,g n ) — —\ n ,nf2n\ 



If n > to, 



v s m 5« = Tjts™'-?™]™ + U{g m ,gn) = 
i ((n - m)g m+n - (to + n)# n _ m ) + i 



n + to 



gn — m {^n.m ~t~ ^m,n)gn+m 



n — TO 1 

^ 9m+n ^~ ^m,n)gn+m ^m,n£/n+m? 
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If 771 > n 

I 

2 

[ j _j_ 

- ((n - m)g rn+n + (m + n)g m - n ) + - 



= 77[5m,5«]m + U{g m ,g n ) 



9m— n (^n.m ~h ^m,ji)fl r n+'7i 



n + m 1 , n — m n + m 

~<?m+nH ~ 9m— n 7» v o ^~ ^7H,7i}i?n+m — "Z 9m — n ^m.n9n-\-r, 



^g n 9n = 7;[gn,g n }m + U(g n ,g n ) = U(g n ,g n ) = -\ n , n g2r. 



4. Diff(5 1 )/5 1 as a Kahler manifold 



□ 



The goal of this section is to introduce an almost complex structure on V c ^, and 
then show that it is actually complex for an appropriately chosen connection. 

Recall that J : V c ,h ~ ¥ "^c,h is an endomorphism defined by l|2.4[l . or equivalently, 
on the basis {/ m , <?«}, m,n = 0, 1, ... by 

J fm 9 in J 9n fn • 

The next result is an analogue of the Newlander-Nirenberg theorem in our setting. 
This statement also appears in £Q on p. 255 as was communicated to us by H.Airault 
after we submitted the present paper. 

Proposition 4.1. The Nijenhuis tensor N (the torsion of the almost complex struc- 
ture J) defined by 

N(X, Y) = 2 ([JX, JY] m - [X, Y] m - J([X, JY]) m - J[JX, Y] m ) 

vanishes on m = diffo(S 1 ). Therefore J is a complex structure. 

Proof. If 777 7^ ?7, then by (|2.2jl 

N{fmifn) — 2 \[J fmi Jfn]m [fmi fn]m J{[fmjJfn])m J[Jfnn fn]m) = 

2 ([.9 

2 ((77 - m)g m+n + (77 - m)Jf m+n ) = 0. 

Then use 



N(JX, Y) = 2 {-[X, JY} m + [JX, J(JY)] m - J([JX, JY]) m - J[X, J(JY)] m ) 
= N(X, JY) 

N(JX, Y) = 2 (-[X, JY] m + [JX, J(JY)] m - J([JX, JY]) m - J[X, J{JY)] m ) = 

- 2 J [-J[X, JY] m - J[JX, Y] m + ([JX, JY]) m - [X, Y] m ) = -JN(X, Y) 
to see that 

N(f m , fn) = N(Jg m , /„) = N(g m , J /„) = -N(g m , g n ) = 0, 

and 

N(f m ,g n ) = -N(g n ,f m ) = N{Jg m ,g n ) = -JN(g m ,g n ) = 0. 

□ 
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Lemma 4.2. J is a complex structure on m — difFo(S 1 ) with the covariant deriva- 
tive 



(V/ m J)(/„) 


=0, 


n ^ to, 




(V/ m J)(/„) 




(m + 


.„, n < to, 


(V/ m J)0/„) 


=0, 


n ^ to, 




(v /m J)0/„) 


=(n 


+ m)g m - n , 


n < to, 


(V Sm J)(/„) 


=0, 


n ^ to, 




(V Sm J)(/„) 




(n + m)c/ TO _ 


_ n , n < to, 


(V Sm J)(5n) 


=0, 


n ^ to, 




(V Sm J)(<?„) 




(to + n)/ m _ 


.„, n < to. 



Proof. We will use the fact that 

(V x J)(y) = V x (Jy) - J(V x y). 

If n > to, then 

(V/ m J)(/n) - -V /raffn - J(V /ra /„) = 

^m.nfn+m / Vn,n^(.9Vi+7n) — \n,nfn-\-m ^m,nfn+m 

If n < m, then 

(V/ m J)(/n) = -V /m ff„ - J(V /m /„) = 

\ f rra + n re-j-m 

Am.nJn-\-'m ^ Jm—n ^m,n^ \Qn-\-m ) ^ J \Qm—n ) 

TO+n n + TO 

/ Vn,7i,/7i+m 2 Jm—n ,n 1 n+m 2 Jm—n ~~ "T ^7 Jm—n 

(V/ n J)(/„) = -V /n <7„- J(V /n /„) = 
If n > to, then 

(V/ m J)0/„) - V /m /„ - J(V fm g n ) = 

}<m,n9n+m ^m,nJ(fn+m) — ^m,n9n+m ^m,n9n+m 

If n < to, then 

(V/ m J)(ffn) - V/ ra /„ - J(V /m5 „) = 

n + m m-j-n 

^m,n9n+mi ^ gm — n\'^m,n<J\Jn+m) ^ J\Jm—n) — 

n + m m + n 

^ra,n9n+va + 2 9m — n ^m,n9n+m ~t~ 2 9m— n + rn)g 7n ^ n 
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(V/ n J){g n ) = V/ B /„ - J(V fn g n ) = 

Vfnfn ~ J{Vf n g n ) = Ki,n92n + A„,„ J(f2n) = 

If n > m, then 

(V Sm J)(/ n ) = -V Sm5 „ - J(V ffm /„) = 

If n < m, then 

(V Sm J)(/n) = -V Sm5 n - J(V gm /„) = 

_ n-hm m + n 

2 9m— n T Am,n9n-\-7n f \n,n^ yjn+m) T 2 ^ \Jm — n ) 

n + m m + n 

2 9m— n ^ 9m— n ^m,n9n-\-m \n,n9n-\-m — (n + 7Tl)9m — n 

(V Sn J)(/„) - -V gn <?„ - J(V flB /„) = 

^n,n92n + ^n,nJ(f2n) = ^n,n92n ~ ^n,n92n = 

If n > m, then 

(V 9m J)(s„) = V Sm /„ - J(V 9m3 „) = 
If n < m, then 

(V flm J)07„) - V Sm /„ - J(V 9m .g„) = 

_\ f + » , n + m 

,n J n+m 2 Jm—n ^ J\Qm—n) T" ^m,n^ \9n+m) 

_\ f m + n f n + m _ 

S^m,nJn-\-m ^ Jm—n ^ Jm — n ~r ^m,nJn-\-m \^ ~r •*/ Jm—n 

(V 9n J)( ff „) - V Sn /„ - J(V 3 „. 9ll ) = 

— ^n,n.f2n + A„, n J(<72n) = ~^n,nf2n + ^n,nf2n = 

□ 

Lemma 4.3. Lei Q fee i/ie tensor field of type (1, 2) defined by 

AQ(x, y) = (Vj v J)x + J{{V y J)x) + 2J((V x J)y) 

Then 
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in ~\~ ft 

Q(fm, fn) = ^ g n -m, n > TO 

j- ^ m + n 

Q{fm,Jnj = ^ 9m-n,/n < TO 

Q(fn,fn)=0 

Tfl ~\~ Yl 

Q(fm,9n) = fn-m, n> m 

i \ m + n 

Q{fm,9n) = ^ n<m 

Q(f n ,g n ) = o 

/-./ £ \ m + n 

Q{9m,Jn) = ^ /"-"») « > TO 

Q{g m ,f n ) = 2 — n < m 

Q(g n ,f n ) = o 

Q{9m,gn) = ^ g n -m, n> TO 

TO + n 

Q{gm,g n ) = ^ 9m-n, Tl < TO 

Q(g n ,g n ) = o 



Proof. If n > to, then 

4Q(/ m ,/„) = (Vj/„J)/ m + J((V /n J)/ m ) + 2J((V /m J)/„) = 

n—m 

(m + n)J(f n - m ) = 2(m + n)g 

n — m 

If n < m, then 

4Q(/ m , /„) - (V J/B J)/ m + J((V /n J)/ m ) + 2J((V /m J)/ n ) = 

2(to + n)g m ^ n 

4Q(/„, /„) - (Vjf n J)f n + J((V /n J)/„) + 2J((V /n J)/ n ) = 

-(V 9n J)/„ + 3J((V /n J)/„) = 

If n > m, then 

4Q{fm,g n ) = (Vj Sn J)/ ro + J((V Sn J)/ m ) + 2J((V /m J)<?„) = 

- (to + n)/ n -m - (to + n)J(g n - m ) = -2(m + n)/„_ m 

If n < to, then 

4Q{fm,g n ) = (V Js „ J)/ m + J((V Sn J)/ m ) + 2J((V /m J)<?„) = 

2(n + m)J{g m _ n ) = 2(n + m)/ m _„ 
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4Q(/n,Sn) = (Vj 9 „ J)fn + -/((V fln J)/„) + 2J((V/„ J)fl„) - 
If n > to, then 

4Q(9m,fn) = (Vjf n J)9m + J((Vf n J)g m ) + 2J{{V gm J)f n ) = 

(to + n)f n - m + (to + n) J(<? 

n—m J — 

2 (to + n)/„ — m 

If 77, < m, then 

4Q(<? m ,/„) = (V, 7/ „ J) 5m + J((V fn J)g m ) + 2J((V ffm J)/„) = 

- (n + TO)2J(g m _„) = -(n + m)2/ TO _ n 

4QG?„,/„) - (V J/n J) 9 n + J((y Jn J)g n ) + 2J((V S „ J)/„) = 

- (V g „ J)g„ + J{{V fn J)g n ) + 2J((V ff „J)/ n ) = 

If ?i > to, then 

4Q(5m,.g n ) = (V Jgn J)g m + J((V g „ J)<? m ) + 2J((V gm J)g n ) = 

(n + m)g n - m - (to + n)J(f n - m ) = 2(n + m)g n _ m 

If n < to, then 

4Q(5m,5n) = (V Jff „ J)g m + J((V ff „ J)ff m ) + 2J((V 9m J) 5 „) = 

- 2 (to + n)J(f m -n) = 2 (to + n).g m _„ 

4Q(s„, ffn) = (Vj 9 „ J).g„ + J((V g „ J)<?„) + 2J((V g „ J) Sn ) = 

(V/„J)5n + 3J((V g „J)<?„) = 

□ 

Definition 4.4. The new covariant derivative is defined by 

V x y = V x y - Q(x,y). 
Then combining the results of Proposition 13.61 and Lemma 14.31 we see that 
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V/„ 


i fn 


=v /r . 


t, Jn 


V/„ 


i fn 




t. /«. 


V/, 


Jn 




, /*n 


V/„ 




=V/, 




Vf 

J 71 




Jr. 


Qn 


V/, 


,9n 




9n 




fm 




, /*m 


v 9 „ 


fm 


=v s . 




v g , 


Jn 


=v g . 


../» 


v s „ 


>5n 






v 9 „ 


l 9n 






v 9 , 


l 9n 




9n 



m + n 



Q\fmi fn) — ^rn,riQn-\-mi ^1 <C 771 



^C\Jm->Qn) — ^ Jn—m ~~ ^m,njn+mi ^ ^ > ^ 
" Q(fm,9n) = -A m , n /n+m, n < m 
Q(fn^9n) — ~^n,nf2n 
Q\9ni fm) ^n,rnfn-\-rni ^ ^ ^2 

DC f 1 - _\ f _ 171 + 71 f 

(°C\9ni Jrn) — ^n,mjn+m ^ Jm—ni ri <i TTL 



Q\9ni fn) — ~^n,nf2n 

n( \ — — \ - m + n 

(°i\9rm 9n) ^m,n9n+m ^ 9n—mi ^ ^ 

" Q\9rai9n) = ~^m,n9n+mi n < m 
Q{.9ni9n) = —^n,n92n 

Theorem 4.5. The covariant derivative V has the following properties 

(1) V is the Levi-Civita covariant derivative, that is, it is metric compatible 
and torsion free; 

(2) V is not a Hilbert- Schmidt operator. 

Remark 4.6. The original covariant derivative V is also torsion free, which can 
be checked by a direct computation 

T V (X,Y) =V x Q0 - VypQ - [X,Y] m 

±[X,Y] m + U{X,Y)j - \^[Y,X} m + U(Y,X)j-[X,Y] m 

=U(X,Y)-U(Y,X). 

Note that U(X,Y) is symmetric in (X,Y) due to the symmetry of B as can be 
seen from Notation 13.31 and therefore Ty = 0. Similarly to the finite-dimensional 
case the new covariant derivative V is torsion free if the almost complex structure 
J has no torsion. This is indeed the case by Proposition l4.il 

Proof. (1) 

T{x, y) = T^(x, y) = V x y - V y x - [x, y] m 
Let m ^ n, then 

~, f \Y7 f_V7 f — — TO + n to- n 

^ \Jm: Jn) * f m Jn * fnJm n 9m+n i i^lm— n| 

2 2 |m — 71 1 

TO — 71 TO + 77 TO — 71 777 — 77 TO + 77 777 — 77 

— 2~ 5m+n + 2 |TO-77| ff|m - n| 2~~ - 9m+n 2~ |m - n| 5|m ~"' = 
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T(f \-X7 -T7 f n ~ m f m + n 

J \Jm,9n) — V f m 9n vg n Jm ^ Jm+n ^ J\m—n\ 

m + n n-m f m + n _ 

n J\m— n\ T \An,m A m ,n)Jn+m „ Jm+n „ J\m — n\ — u 



nni \ V7 Y7 m — n m + n 

1 \9m, Jn) — V g m fn ~ V f n 9m H ^ Jm+n H ^ /|m— n| = 

m+n m — n m+n 

2 J\m— n\ + (^rt,m — ^m,n) Jn+m H 2" Jm+n H 2 /|m— n| = ^ 

~ \ v7 Y7 n — m to + n to — n 

\9m,9n) — V g m 9n ~~ V g n 9m „ 9m+n ~ "i rff|m-n| = 

TO + 71 TO — 71 11 — TO TO + 71 TO — 71 

2 m — n 1 1 2 2 771 — 71 1 



(2) 

OO 

E ((V/ ra /n,V /m /„) + (V flm /„, V flra /„)) 



m— 1 



/ ^m,n^n+m (ill + n) 2 9 n -m \ A^„fl 2 n ^ A m,rt^"+m _ 

m=l \ 6 '™ 6 ' m 46 '" 6 ' m / ^ m =„+l 6, ™ 6 ' m 



□ 



Notation 4.7. Lef neN, i/ien define 

L m /m "i" ^9m, L — m / m ^9m, 1 1- 

Lemma 4.8. 

[L TO , L„] =i(n- m)L m+n - 
[L_ m , L„] = i(to + n)L„_ m ; 
[im, L— n ] = —i(m + ri)L m — n ; 
[L- m , L- n ] = i(m - n)L- m - n . 

Proof. 

[L m , L n ] = {fm, fn] — [9m, 9n\ + i {[fm, 9n\ + [9m, fn]) = 

(to - n)g rn + n + i{n- m)f m+n = i(n - m)L m+n 



[L- m , L n ] = [f m , /„] + [g m , 9n] + t ([fm, 9n] ~ [9m, fn}) = 

Tfl — Ti 

(to + n)- :9\m-n\ + i( m + n)f\ m - n \ = i{m + n)L n _ 

\m — n\ 



[L m , L_ n ] = [f m , f n ] + [g m , g n ] + i (-[f m , 9n] + [9m, fn]) = 



m — n 



(to + n)- — —9\m- n \ - i(m + n)f\ m _ n \ = -i{m + n)L m _ n 



\m — n 
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[L-m, L- n ] — [fm, fn] ~ [9mi 9n\ ~ i ([fm, 9n\ + [9mi fn]) — 

(m - n)g m+n - i(n - m)f m+n = i(m- n)L_ m _ n 

□ 

Lemma 4.9. 

^ L m L n — 2i\ mn L m -]- n ', 
^L- m L n = i(m + n)L n - m , n > to; 
VL_ m i™ = 0, to > n; 
VL m L- n = -i(m + n)L m - n , n > to; 
^L m L- n = 0, to > n; 
^ ' L- m L—n = 2zA„ l ,„Z/_„ l _„; 

V ' L n L n = —2i^n,nL2n', 

V L _„i„ = 0; 
V L „L_„ = 0; 

Proof. 

V Lm £„ - V /m /„ - V 3m . 9 „ + i (v /m fif„ + V 9m / n ) = 

2^m,n9m+n ^^-m.nfm+n ^^-m.n-^n+m- 

If n > m, then 

V L _ m i„ = V /m /„ + V Sm g„ + i (V/ m #„ - V Sm /„) = 

- (m + n)p 

n — m 

+ i(m + ri)f n - m = i(m + n)L 

n—m 

If n < m, then 

V L _ m i„ = V/ m /„ + V Sm .g„ + z (v /m5n - V flm /„) = 
If n > to, then 

S7 Lm L- n = V/ m /„ + V 3m . 9ri - i (v /m fif„ - V 9ra /„) = 

- (to + n)g n - m - i(m + n)/„_ m = -i(m + n)L m _„ 

If n < to, then 



V Lm L_ n = V /m /„ + V Sm g„ - i (v /m #„ - V Sm /„) = 
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Vl„L„ = V/ n /„ - V g „.g„ + i (Vf n g n + V g „/„ 

V L _„i„ = V/ B /„ + V g „. 9n + t (V/„0„ - V fln / n ) = 
V L „i_„ = V/ n /„ + V 3 „.g„ - i (Vf n g n - V fln /„) = 

Vl_„L_„ = V/ n /„ - V 3 „5„ - i (V/ n #„ + V 9n /„) = 

□ 

Definition 4.10. The curvature tensor is defined by 

fixy = V x V a - VyV* - V[ Xi y ]mc - ad([x, y]t, c ), x, y G g; 
the Ricci tensor Ric(x, y) is then the trace of the map 2 i— > R zx y. 
Theorem 4.11. The only non-zero components of the Ricci tensor are 

D . , L n L_ n 13n 3 - n 

V "n V®n D^n 

Proof. Note that for any a, /3, 7 e Z we have Rh~,L a Lp — C a p 1 L a+ fj + ~ 1 for some 
C Q) 3 7 G C. Therefore the only non-zero components of Ric(L Q , Lp) are when a+/3 = 
0. 

Suppose m 7^ n, then 

Rh m X n L-n = ^ L m ^ L n L- n -V L n V L m L- n -V[ Lm ^L n ] m L- n -ad{[L m ,L n ]^)L- n = 

- V L „V im L_„ - i(n - m)Vi, m+n L_„ = -V L „V Lm i_„ 

If to > n, then 

Rh m ,L n L- n = 0. 

If to < n, then 

RL m ,L n L- n = i(m + n)VL n L m - n = 0. 

If to 7^ n, then 

RL- m ,L n L- n = V L_ m V t n L_ n -V l„V L_ m L_„— V[i_ m) i n ] TO I-_ n — od([L_ m , L„]f,)L_ 
-VL n VL_ m L_„-i(TO+ra)Vz, n _ m L_„ = -2iA mi „VL n £_ m _„-i(TO+n)Vz, n _ m L_„ = 

- 2(m + 2n)A m>n L_ m - i(m + n)V L „_ m i_„ 

If to > n, then 

RL- m ,L n L- n = -2(to + 2n)A mi „L_ m + 2(m + n)A m _„ ; „L_ m 
If to < n, then 
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Rh- m ,L n L- n = -2{m + 2n)\ m . n L- m - (2n - m)(m + n)L_ m 

RL_ n ,L n L- n = Vi_ n Vi, n L_„— Vi, n VL_ n i-n— V[i_ n;in ] m .L_ n — arf([L_„, L„](,)L_„ 

- 6nA„ !?l L_„ - 2n 2 L_„ 

Thus 

Rlc( 7T'7r ) = 

E (rra + n)(2n - m) + 2(m + 2n)\ m . n 2(m + n)A m _ n , K - 2(m + 2n)A TO>ra _ 

m— 1 m— n+1 

E(m + n)(2n — m) + 2(m + 2n)\ m ^ n ^2(m + 2n)A mj „ 
i? ^ ^ = 

m=l m=l 



[9 

[io; 
in 
[12: 
[13: 
[id. 

[15. 



E 

m— 1 



(m + n) (2n — m) 13n 3 — n 

□ 
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